We have carried out bound-state and low-energy quantum scattering calculations on He + NH ( 3 Σ − ) in magnetic fields, with the NH molecule in its n = 1 rotationally excited states. We have explored the pattern of levels as a function of magnetic field and identified the nearly good quantum numbers in different regimes. We have used the bound-state calculations to locate low-energy Feshbach resonances. When the magnetic field is used to tune across such a resonance, the real and imaginary part of the scattering length show asymmetric oscillations and peaks with amplitude between 1 and 3Å. The scattering length does not pass through a pole at resonance. The resonant behavior is characterized by a complex resonant scattering length ares. The corresponding inelastic cross sections show troughs as well as peaks near resonance. This may be important for efforts to achieve evaporative and sympathetic cooling for molecules, because it offers the hope that inelastic trap losses can be reduced by tuning close to a Feshbach resonance.
I. INTRODUCTION
Collisions between ultracold atoms can be controlled by tuning the atomic interactions using applied magnetic fields [1, 2] . Such techniques have been used to cause controlled implosion of Bose-Einstein condensates [3] and to produce dimers of both bosonic [4, 5, 6, 7] and fermionic [8, 9, 10, 11] alkali metal atoms. Long-lived molecular Bose-Einstein condensates of fermion dimers have been produced [12, 13, 14] , and the first signatures of ultracold triatomic [15] and tetraatomic [16] molecules have been observed. It is proving possible to move molecules selectively between quantum states by either fast or slow sweeps of magnetic fields across avoided crossings between bound states [17, 18] .
The overall strength of the interaction between a pair of atoms is characterized by the scattering length a [19] . An important feature of elastic scattering in ultracold atomic gases is that a passes through a pole as the magnetic field B is swept across a Feshbach resonance at constant kinetic energy [20] ,
where a bg is a near-constant background scattering length and B res and ∆ B are the position and width of the resonance. The scattering length can thus be tuned to any desired value, positive or negative. Positive values correspond to interactions that are overall repulsive and negative values to interactions that are overall attractive. The elastic cross section is given by σ el = 4πa
where the kinetic energy is E kin =h 2 k 2 /(2µ) and µ is the reduced mass for the collision. The elastic cross section thus passes through a peak of height 4π/k 2 at resonance.
It has recently become possible to cool molecules directly from high temperature to the millikelvin regime, using methods such as buffer-gas cooling [21, 22, 23] and Stark deceleration [24, 25] . Polar molecules such as ND 3 and OH have been successfully trapped at temperatures around 10 mK, and there are a variety of proposals for ways to cool them further, including evaporative cooling, sympathetic cooling and cavity-assisted cooling [26, 27, 28] . Very recently, NH has been trapped at temperatures around 0.7 K by buffer-gas cooling in cryogenic helium.
In previous work [29] , we have explored the possibility of controlling molecular interactions in the same way as atomic interactions. We have generalised the BOUND [30] and MOLSCAT [31] packages to carry out boundstate calculations and quantum scattering calculations in applied magnetic fields for systems made up of a 2S+1 Σ molecule and a structureless atom.
In our initial calculations on He + NH ( 3 Σ) [29] , we used BOUND to locate magnetic fields at which bound states cross open-channel thresholds. We then used MOLSCAT to characterize the resulting low-energy Feshbach resonances as a function of magnetic field. For a resonance at which a bound state crossed the lowest openchannel threshold, we observed a pole in the scattering length that followed Eq. 1. However, for a resonance in which a state crossed a higher threshold, we observed quite different behavior. The scattering length showed only a weak oscillation instead of a pole. The suppression of the pole was attributed to inelastic effects. The calculations were for NH in its lowest rotational state (n = 0), for which inelastic coupling is very weak, and the resonances were very narrow, but even so the amplitude of the oscillation in a(B) was only about 9Å.
A full derivation of the resonant behavior of the scattering length in the presence of inelastic effects has been given previously [32] , so only a brief version will be given here to explain the basic physics and define notation. In the presence of inelastic collisions, the scattering matrix S that describes the collision in quantum-mechanical terms has elements S ii ′ . The diagonal S-matrix element in the incoming channel 0 has magnitude |S 00 | ≤ 1 and may be written in terms of a complex phase shift δ 0 with a positive imaginary part [33] ,
where k 0 is the wave vector in the incoming channel. This can be expressed in terms of a complex energy-dependent scattering length, a(k 0 ) = α(k 0 ) − iβ(k 0 ) [34, 35] , defined as
a(k 0 ) becomes constant at limitingly low kinetic energy. The elastic and total inelastic cross sections are exactly [36] σ el (k 0 ) = 4π|a|
and
A scattering resonance is most simply characterized in terms of the S-matrix eigenphase sum Σ, which is the sum of phase shifts obtained from the eigenvalues of the S matrix [37, 38] . The eigenphase sum is a real quantity, and across a resonance follows the Breit-Wigner form,
where Σ bg is a slowly varying background term, B res is the resonance position and Γ B is a resonance width (not the same as ∆ B in Eq. 1). The B subscripts indicate that we are considering the resonance as a function of magnetic field rather than energy. The individual S-matrix elements describe circles in the complex plane [32, 39, 40, 41] ,
where g Bi is complex. The radius of the circle in S ii is |g 2 Bi /Γ B |. The partial width Γ Bi for channel i is usually defined as a real quantity, but here we also need a corresponding phase φ i to describe the orientation of the circle in the complex plane, g resonant state tunes downwards across the threshold as a function of B and negative if it tunes upwards. For a narrow resonance, the total width is just the sum of the partial widths,
The partial widths for elastic channels (degenerate with the incoming channel) are proportional to k 0 at low energy. We may define a reduced partial width γ B0 for the incoming channel by
and the reduced width is independent of k 0 at low energy (typically below E kin = 1 mK). By contrast, the partial widths for inelastic channels depend on open-channel wavefunctions with large wave vectors k i and are effectively independent of k 0 in the ultracold regime. If the inelastic partial widths Γ Bi are non-zero, they eventually dominate Γ B0 as k 0 decreases. The radius of the circle (8) described by S 00 thus drops linearly to zero as k 0 decreases, as shown in Figure 1 . This is qualitatively different from the behavior in the absence of inelastic channels, where the circle has radius 1 even at limitingly low energy. The radius of the circle in S 00 is Γ B0 /Γ B . For small k 0 , where Eq. 10 applies, this is approximately 2k 0 γ B0 /Γ inel B . The formula followed by the complex scattering length is
where Γ inel B is the energy-independent part of Γ B (omitting Γ B0 ) and a res is a resonant scattering length that characterizes the strength of the resonance,
Both a res and the background term a bg can in general be complex and are independent of k 0 at low energy. However, in the special case where the background scattering is purely elastic (a bg is real), unitarity requires that the circle in S 00 must loop towards the origin as shown in the upper panel of Fig. 3 . This requires that a res is also real. Across the width of the resonance, the real part α(B) of the scattering length a(B) then oscillates about a bg by ±a res /2 and the imaginary part peaks at β(B) = a res . This was the behavior seen for a(B) in ref. 29 for He + NH( 3 Σ) collisions with NH in n = 0 states, shown in Fig.  2 .
The purpose of the present work is to explore a rather more complicated case, with significant background inelastic scattering. Eq. 11 still holds, but a res can be complex and the circle in S 00 then does not point directly towards the origin. This behavior is shown in the lower panel of Fig. 3 . The elastic cross section is given by
so at any value of B it depends on the distance between S 00 and the point X at S 00 = +1. However, the total inelastic cross section is given by
and thus depends on the distance of S 00 from the unit circle. If the circle in S 00 does not point directly towards the origin, it is clear from Fig. 3 that the total inelastic cross section can show a trough as well as a peak near resonance. This offers the hope that resonances can be used to reduce inelastic rates as well as increase them.
In the general case, the explicit expressions for the real and imaginary parts of a(B) are [32] 
where a(B) = α(B) − iβ(B) and similarly for a res and a bg . The peak profiles for the elastic and total inelastic cross sections are given by combining these with Eqs. 5 and 6. Some useful properties of the scattering length and cross sections follow from simple geometrical considerations. The complex scattering length a(B) has a value a bg far from resonance and describes a circle of radius |a res |/2 in the complex plane as B is tuned across the resonance. If we write the resonant scattering length as where θ res = φ 0 + k 0 α bg , then the circle is as shown in Fig. 4 . The smallest value achieved by β(B) is
which occurs at B min = B res + x min Γ inel B /2 with
This defines the smallest value of the total inelastic cross section through Eq. 5. Unitarity requires that |S 00 | ≤ 1 and β(B) ≥ 0, so the limits on the possible values of θ res are cos 2θ res ≥ cos 2θ
An obvious special case of this is that, if a bg is real, θ res = 0 so that a res is also real. Some examples of the possible behavior are illustrated in Fig. 5 for a case with moderately strong background inelasticity, β bg = |a res |/2 and |α bg | = 2|a res |. For these parameters, cos θ max res = 0. When θ res is close to its maximum value, β(B) dips close to zero and the total inelastic cross section shows a trough that can reduce inelastic collision rates by more than a factor of 10. The elastic cross section also oscillates, but if |a res | ≪ |α bg | the oscillation is relatively weak and if α bg and β res have opposite signs it is peak-like rather than trough-like.
II. RESONANCES IN HE + NH (n = 1)
We have carried out bound-state and scattering calculations on He + NH (n = 1) in a magnetic field using methods almost identical to those used previously for n = 0 [29] . The bound-state Schrödinger equation was solved using the BOUND package [30] , as modified to handle magnetic fields [29] . In the presence of a magnetic field, the total angular momentum is no longer a good quantum number. The calculations are therefore carried out in a completely decoupled basis set, |nm n |sm s |Lm L , where s = 1 is the electron spin of NH and L is the end-over-end rotational angular momentum of He about NH. All the m quantum numbers represent space-fixed projections on the axis defined by the magnetic field. The only good quantum numbers are the parity (−1) n+L+1 and the total projection quantum number
BOUND propagates a set of coupled differential equations outwards from a point R min , deep inside the inner classically forbidden region, and inwards from a boundary point R max at long range. The two solutions meet at a matching point R mid , and bound-state eigenvalues are found by locating values of the energy for which the inward and outward solutions can be matched. The procedure used by BOUND is to seek energies at which one of the eigenvalues of the log-derivative matching matrix is zero [42] .
For true bound states, R max can be placed in the outer classically forbidden region. However, in the present work we are dealing with states of He-NH that lie close to the n = 1 threshold and are thus more than 30 cm −1 above the n = 0 thresholds. Since there are open channels, these are actually quasibound states and can predissociate to form He + NH (n = 0). Nevertheless, they can still be located by artificially applying a bound state boundary condition at R max , and this is how BOUND is used in the present work.
Applying a bound-state boundary condition has the side-effect of box-quantizing the continuum states above both the n = 0 and n = 1 thresholds. The resulting artificial bound states are easily identified because their energies depend on R max . Difficulties arise only if an artificial bound state lies accidentally close to the level of interest, in which case the two states can perturb one another. Fig. 6 shows an example of artificial levels crossing the real levels as a function of R max . For the case of He-NH it was usually possible to estimate the positions of the physical bound levels to within 0.01 cm −1 . The perturbations are a measure of the genuine couplings to the continuum and are comparable to the width of the quasibound state, so this accuracy is sufficient for use in locating resonance positions. Fig. 7 shows the quasibound states of He-NH near the n = 1 threshold with artificial levels removed. Crossings between quasibound states and thresholds will produce zero-energy Feshbach resonances in s-wave scattering if an L = 0 scattering channel is permitted by the constraints on parity and M tot . For M tot = 0 this occurs only for thresholds corresponding to m j = 0, as shown by the circles in Fig. 7 .
Each NH monomer level with n = 1 is split into 3 components with j = 0, 1 and 2 by coupling to the spin s = 1. The He-NH levels closest to the n = 1 thresholds have predominantly L = 2 character. At zero field the total angular momentum J is a good quantum number, so for He-NH each (n, j, L) level splits into min(2j+1, 2L+1) components with different values of J. These splittings are barely visible in Fig. 7 , so Fig. 8 shows an expanded view of the levels corresponding to (n, j, L) = (1, 1, 2) for all allowed values of M tot . It may be seen that the zero-field levels with J = 1, 2 and 3 are split by about 0.04 cm −1 . When a magnetic field is applied, each level splits into 2J + 1 components with different values of M tot . The J quantum number remains a useful label for magnetic fields up to about 200 G, but above that the levels of different J are strongly mixed. By about 600 G the levels have separated into 3 groups that may be labelled with an approximate quantum number m j that takes values +1, 0 and −1. The levels corresponding to (n, j, L) show similar but more complex behavior.
Once the crossing points have been located in Fig. 7 , the next stage is to carry out scattering calculations, holding the kinetic energy fixed at a small value (10 −6 K in the present work) while sweeping the magnetic field across the resonance. This was done using the MOLSCAT package [31] , as modified to handle magnetic fields [29] . MOLSCAT solves the Schrödinger equation by propagating a set of coupled differential equations outwards from R min to a matching point R max at long range using basis sets and algorithms very similar to BOUND. The major difference is that it carries out only outwards propagation and matches to scattering boundary conditions at R max , so that there is no artificial quantization of the continuum. MOLSCAT produces the S matrix and eigenphase sum Σ for each magnetic field B and evaluates the corresponding scattering length from Eq. 4. The next step is to fit Σ(B) to Eq. 7 to obtain the resonance position B res and width Γ B . This is done with the RESFIT package [43] , which includes a quadratic polynomial in B for the background term Σ bg . RESFIT then proceeds to fit the individual diagonal S-matrix elements to Eq. 8, holding B res and Γ B fixed at the values obtained from the eigenphase sum. It represents the magnitude and phase of each S ii with a quadratic polynomial and produces a complex number g 2 Bi that describes the resonant circle in each S-matrix element. This fit provides all the parameters required to define the real and imaginary parts of a bg and a res needed for Eqs. 11 and 15. In practice we use a constant background term (obtained by evaluating the background polynomials at B = B res ) in plotting the results of the formulae below.
The results of fitting parameters to several resonances are shown in Table I . The first point to notice is that the resonances are all very wide, with |Γ B | > 30 G. This contrasts with the n = 0 resonances previously characterized [29] , which had |Γ B | < 10 −2 G. The difference arises because the n = 1 closed channels involved here are directly coupled to n = 0 channels by the (weak) potential anisotropy, whereas the n = 0 closed channels involved in our previous work were only indirectly coupled to open channels by a second-order mechanism involving both the potential anisotropy and spin-spin coupling. The second point of interest is that a res has a significant imaginary part in each case, with β res /α res considerably greater than β bg /α bg . Because of this, there is significant asymmetry in the calculated resonant line shapes for α(B) and β(B).
The real and imaginary scattering lengths for the resonance labelled 1 in Fig. 7 are shown in the upper panels of Fig. 9 . In each case the black points shows the numerical results from MOLSCAT and the red line shows the result of Eq. 11 with the assumption that a res is real (i.e., a res replaced by |a res |). It may be seen that there are significant discrepancies, shown by the red lines in the two lower panels. By contrast, if a res is allowed to be complex (Eq. 15), we obtain almost perfect fits to the numerical results except for the neglect of the field-dependence of the background scattering length a bg . The result is too close to the points to show usefully in the upper panels of These results verify that Eq. 15 gives a correct account of the the behavior of the scattering length in the presence of significant (but still small) background inelastic scattering. The complex nature of a res manifests itself in a slight tilting of the circles in the S-matrix elements, as shown in Fig. 3 . The tilt is too small to be shown graphically, but may be seen in the numerical values in Table I .
The asymmetries seen in Fig. 9 are much smaller than the possible asymmetries shown in Fig. 5 , but they nevertheless serve to illustrate the principle that resonant signatures can be asymmetric and that inelastic cross sections can show troughs as well as peaks near resonance. In future work we will investigate systems with stronger background inelasticity in which more dramatic asymmetries can be expected.
A. Computational details
The bound and scattering calculations in the present work used a basis set with n max = 5 and L max = 5. The coupled equations were solved using Johnson's logderivative algorithm [44] with R min = 1.7Å and a step size of 0.025Å. The bound-state calculations used R max = 12Å except where stated otherwise, and the scattering calculations used R max = 100Å.
III. CONCLUSIONS
We have investigated the behavior of low-energy Feshbach resonances for a case where there is significant background inelastic scattering far from resonance. We have located low-energy Feshbach resonances in s-wave scattering of NH ( 3 Σ − , n = 1) with He. The resonances are much wider (Γ B > 30 G) than those found previously for scattering of NH (n = 0) (Γ B < 10 −2 G) [29] . We have investigated how scattering lengths and cross sections vary as a resonance is tuned across threshold using an external magnetic field.
The strength of a resonance can be characterized by a resonant scattering length a res . If only elastic scattering is possible, a res is infinite and the scattering length passes through a pole as a bound state crosses threshold. We have shown previously [29] that this behavior is modified in the presence of inelastic collisions and that in some cases the scattering length shows a small oscillation rather than a pole.
The key result of the present paper is the demonstration that a res can be complex rather than real and that this allows both the real and imaginary parts of the scattering length (and thus elastic and inelastic cross sections) to show both peaks and troughs near resonance. We have shown that the real and imaginary parts of the scattering length follow analytical formulas given previously [32] . The present work offers the hope that tuning close to a Feshbach resonance can be used to reduce inelastic collision rates and thereby allow evaporative or sympathetic cooling in cases where collisional trap losses would otherwise prevent it. In future work we will investigate whether additional influences such as electric fields can be used to control the maxima and minima and allow detailed control of collision rates.
